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1 Introduction

In convex optimization, each solution method can efficiently solve a certain class of convex problems. There

exists no unified and efficient method for solving general convex optimization problems. For instance, simplex

methods can efficiently solve linear programs [3], interior-point (IP) methods are well-established for convex

optimization involving self-concordant barrier functions such as conic programming and geometric programming

[2, 9]. Although convex optimization has a long history, recent emerging applications in data analysis, machine

learning, high-quality signal processing, and high-resolution image processing have created new challenges where

contemporary approaches are no longer efficient. Well-established algorithms such as interior-point methods are

prohibited due to their less scalability to high dimensional problems. Recent developments in first-order methods

[1, 8, 5], stochastic optimization algorithms, randomized linear algebra, and advanced computational systems (e.g.,

GPU, parallel and distributed systems, cloud computing) have brought a new opportunity to solve very large-scale

and huge-scale convex optimization problems under available resources (e.g., time and storage). Despite of such

developments, the IP method is still considered as one of the established algorithms to solve convex problems,

and it has been commercialized in several software packages. It becomes one of the main underlying solvers for

several modeling language toolboxes such as GAMS, AMPL, YALMIP, and CVX. This lecture is motivated by

the following reasons:

• First, when a non-expert user may search for an optimization method to solve his/her optimization problem,

an easy way is to use some available software packages. Understanding the basic principles behind these

software packages is important to verify whether or not they can be used. For instance, many modeling

language packages including YALMIP [6] and CVX [4] are based on disciplined convex programming (DCP)

approach [4], which transform a nonstandard convex optimization problem into a standard problem where

available convex solvers can be used. This lecture provides some examples to illustrate this idea.

• Second, in research as well in practice, sometimes, we need to verify whether or not our under-developing

model is acceptable. We may think of testing our model on small datasets or small scale problems. While

designing a new method for such a specific model is time consuming and may require some expertise, it is

better to use available software or methods to verify the correctness of our model. IP methods together with

DCP implemented in modeling language packages give us an appropriate approach to do this test.
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• Third, many engineering problems and sophisticated models may require a high accuracy solution, and a

numerically stable method. For instance, control problems in military missions, specific tasks in robotics, and

embedded model predictive control in electrical and mechanical engineering often have such requirements.

Using a well-established method or solver seems to be a safe choice.

In this lecture, we show that several nonstandard convex problems can be transformed into a standard linear

conic program where we can solve it by well-established solvers such as IP solvers. For other problems, we also

show that we can relax them to obtain a convex relaxation that gives us a lower bound for the optimal value. For

example, combinatorial problems in graph are such types of problems.

2 Conic programming: From linear to conic programming

When we refer to conic programming, we mention three classes of convex optimization problems:

• Linear programming (LP)

• Second-order cone programming (SOCP)

• Semidefinite programming (SDP).

However, in general, conic programming can be considered as convex optimization problems that optimize a

linear function over the intersection of affine spaces and convex cones. We only focus on three classes of conic

programming problems: LPs, SOCPs, and SDPs, where we find that they can efficiently be solved by several

available IP solvers.

2.1 Linear programming

The mathematical form of this problem is

Primal form :


min
x∈Rp

c>x

s.t. Ax = b

x ≥ 0.

Dual form :


max

y∈Rn,s∈Rp
b>y

s.t. A>y + s = c

s ≥ 0.

(1)

This problem can be solved efficiently by either Simplex methods or Interior-point (IP) methods.

Our main concern is how to transform some nonstandard convex optimization problems into a standard linear

program. Several modeling language packages can do this task automatically such as YALMIP and CVX as we

have just mentioned. Below are a few examples.

Example 1. We consider the following Tschebyshev approximation problem:

min
x∈Rp

‖Ax− b‖∞,

where A ∈ Rn×p and b ∈ Rn, and ‖u‖∞ := max {|ui| | 1 ≤ i ≤ p}.
Question: Transform this problem into a standard LP.

Solution: Note that ‖u‖∞ ≤ t is equivalent to |ui| ≤ t for all i = 1, . . . , n. Let a>i denote the row i of A. Then,

we can write the above problem equivalently to min
x∈Rp

t

s.t. −t ≤ a>i x− bi ≤ t, i = 1, · · · , n.

Introducing slack variables, we can convert this LP into the standard one (Exercise).

Demo code: Here is a small example using CVX in Matlab.
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n = 10; p = 20;

A = randn(n, p);

x_org = randn(p,1);

b = A*x_org + 1e-2*randn(n,1);

cvx_begin

variable x(p);

minimize( norm(A*x - b, inf) );

cvx_end

When we run this code in Matlab, we can see the following output:

Calling SDPT3 4.0: 51 variables, 20 equality constraints

------------------------------------------------------------

num. of constraints = 20

dim. of socp var = 20, num. of socp blk = 10

dim. of linear var = 10

dim. of free var = 21 *** convert ublk to lblk

*******************************************************************

SDPT3: Infeasible path-following algorithms

*******************************************************************

version predcorr gam expon scale_data

NT 1 0.000 1 0

it pstep dstep pinfeas dinfeas gap prim-obj dual-obj cputime

-------------------------------------------------------------------

0|0.000|0.000|7.8e+00|1.6e+02|1.8e+05| 1.948095e-09 0.000000e+00| 0:0:00| chol 1 1

1|1.000|0.629|2.1e-06|5.9e+01|1.8e+04| 1.161753e+02 6.554792e-01| 0:0:00| chol 1 1

2|1.000|0.985|3.1e-06|8.9e-01|2.2e+02| 1.096960e+02 1.259848e-02| 0:0:00| chol 1 1

3|1.000|0.913|2.1e-07|7.9e-02|1.9e+01| 1.672934e+01 -5.211546e-03| 0:0:01| chol 1 1

4|0.929|0.301|1.6e-08|5.5e-02|2.2e+00| 1.454938e+00 -2.754117e-03| 0:0:01| chol 1 1

5|1.000|0.835|9.3e-11|9.1e-03|2.1e-01| 1.312381e-01 3.568187e-04| 0:0:01| chol 1 1

6|0.983|0.979|6.5e-12|1.9e-04|3.5e-03| 2.246811e-03 1.141118e-05| 0:0:01| chol 1 1

7|0.988|0.988|1.6e-12|6.4e-05|4.0e-04| 2.623975e-05 5.999524e-07| 0:0:01| chol 1 1

8|0.989|0.989|2.2e-14|7.3e-06|4.2e-05| 2.893059e-07 5.479346e-08| 0:0:01| chol 1 1

9|1.000|0.988|8.3e-13|7.7e-07|4.5e-06| 1.293009e-07 -8.656991e-09| 0:0:01| chol 1 1

10|1.000|0.988|1.0e-13|8.2e-08|4.9e-07| 1.399285e-08 -1.104363e-09| 0:0:01| chol 1 2

11|0.625|0.943|8.7e-14|8.9e-09|5.9e-08| 7.385122e-09 -2.972200e-10| 0:0:01| chol 1 2

12|0.612|0.938|6.1e-14|1.1e-09|1.0e-08| 3.903119e-09 -1.338900e-10| 0:0:01|

stop: max(relative gap, infeasibilities) < 1.49e-08

-------------------------------------------------------------------

number of iterations = 12

primal objective value = 3.90311918e-09

dual objective value = -1.33889999e-10

gap := trace(XZ) = 1.01e-08

relative gap = 1.01e-08

actual relative gap = 4.04e-09

rel. primal infeas (scaled problem) = 6.08e-14
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rel. dual " " " = 1.06e-09

rel. primal infeas (unscaled problem) = 0.00e+00

rel. dual " " " = 0.00e+00

norm(X), norm(y), norm(Z) = 4.1e+00, 3.2e-01, 4.5e-01

norm(A), norm(b), norm(C) = 2.2e+01, 2.3e+01, 2.4e+00

Total CPU time (secs) = 0.91

CPU time per iteration = 0.08

termination code = 0

DIMACS: 9.7e-14 0.0e+00 1.3e-09 0.0e+00 4.0e-09 1.0e-08

-------------------------------------------------------------------

Status: Solved

Optimal value (cvx_optval): +3.90312e-09

The result shows that the optimal value computed by CVX is 3.90312e-09, and the problem is solved.

Example 2. We consider the following convex optimization problem using in sparse classification with hinge loss.

min
x∈Rp

{ 1

n

n∑
i=1

`(yi(a
>
i x− bi)) + λ‖x‖1

}
,

where yi ∈ {−1, 1}, ai ∈ Rp and bi ∈ R are given for i = 1, · · · , n, λ > 0 is a regularization parameter, and

`(s) := max {0, 1− s} is a well-known hinge loss function in support vector machine (SVM).

Question: Transform this problem into an LP.

Solution: Note that max {0, 1− s} ≤ t is equivalent to 0 ≤ t and 1 − s ≤ t. To reformulate the above problem

into an LP. We introduce n auxiliary variables ti, and p auxiliary variables sj . Now, we can write the above

problem as 
min

x,s∈Rp,t∈Rn

1
n

∑n
i=1 ti + λ

∑p
j=1 sj

s.t. ti + yi(a
>
i x− bi) ≥ 1, i = 1, · · · , n,

−sj ≤ xj ≤ sj , j = 1, · · · , p,
ti ≥ 0, i = 1, · · · , n.

Adding slack variables, we can bring this LP problem into the standard LP (Exercise).

CVX code: Assume that the data {((ai, bi), yi)}ni=1 is given. Then, the CVX code for solving this problem is

extremely simple as you can see here:

lambda = 1e-5;

cvx_begin

variables x(p);

minimize( (1/n)*sum(pos(1 - y.*(A*x - b))) + lambda*norm(x, 1) );

cvx_end

Note that CVX can transform the box constraint |xj | ≤ sj into a second-order cone constraint in L2 (see below).

But this is indeed a linear constraint.

2.2 Second-order cone programming

A second-order cone Lp in Rp (p ≥ 2) is defined as

Lp :=
{

(x, t) ∈ Rp−1 × R+ | ‖x‖2 ≤ t
}
, (2)

where ‖x‖2 :=
√∑p−1

i=1 x2
i . For example, L2 := {(x, t) ∈ R× R+ | |x| ≤ t}.
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The mathematical form of a second-order cone programming problem is
min
x∈Rp

c>x

s.t. Ax = b

x ∈ K,

(3)

where K := Lp1 ⊗ · · · ⊗ Lpm is the Cartesian product of m second-order cones Lpi .

Example 3. Here is a simple SOCP problem:
min
x∈R5

x1 + x2 − x3 + x4 − x5

s.t. x1 + x2 + x3 + x4 + x5 = 1,

x1 + 2x2 + 3x3 + 4x4 + 5x5 = 10,√
x2

1 + x2
2 ≤ x3, |x4| ≤ x5, x5 ≥ 1.

This second-order cone program has K := L3 ⊗ L2. A CVX script to solve this problem is given below:

c = [1; 1; -1; 1; -1];

A = [1 1 1 1 1; 1 2 3 4 5];

b = [1; 10];

cvx_solver mosek; % This line can be change or removed to use the default solver, SDPT3.

cvx_begin;

variable x(5);

minimize( c’*x );

subject to

A*x == b;

{x(1:2), x(3)} == lorentz(2);

{x(4), x(5)} == lorentz(1);

x(5) >= 1;

cvx_end

Run this code in Matlab using Mosek solver, after 11 iterations, we get an approximate optimal solution x? =

(0.9437,−7.8875, 7.9437,−1.0000, 1.0000)> and the optimal value c? = c>x? = −16.8875.

Note that if we write this problem into the standard SOCP form, then we can use the following code:

cvx_begin;

variables x(5) t;

minimize( c’*x );

subject to

A*x == b;

t == 1;

{x(1:2), x(3)} == lorentz(2);

{x(4), x(5)} == lorentz(1);

{t, x(5)} == lorentz(1);

cvx_end

Now, we consider some convex problems using in practice which can be transformed equivalently into an SOCP.
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Example 4. Consider the following convex model arising as a simplification of a robotic writing task problem [11]:

min
x∈Rp

p−1∑
i=1

2 |∆i|√
xi +

√
xi+1

,

s.t. Ax = b,

Cx ≤ c,

x ≥ 0.

,

where ∆i, A, C, b and c are given.

Question: Transform this problem into a second-order cone program.

Solution: We need to introduce p − 1 auxiliary variables ti, and p auxiliary variables vi to move the objective

terms to constraints. First, note that 2|∆i|√
xi+
√
xi+1

≤ ti for i = 1, · · · , p − 1 can be reformulated equivalently to

2 |∆i| ≤ t(
√
xi +

√
xi+1) which can be written as

2 |∆i| ≤ ti(vi + vi+1), vi ≤
√
xi, and vi+1 ≤

√
xi+1.

Next, we rewrite 2 |∆i| ≤ ti(vi + vi+1) as 4 |∆i| ≤ 2ti(vi + vi+1) = (ti + vi + vi+1)2 − t2i − (vi + vi+1)2. This

constraint is equivalent to

√
t2i + (vi + vi+1)2 + 4 |∆i| ≤ ti + vi + vi+1 or

∥∥∥∥∥∥∥
 2
√
|∆i|
ti

vi + vi+1


∥∥∥∥∥∥∥

2

≤ ti + vi + vi+1

Now, we consider vi ≤
√
xi. We can write it as 4v2

i ≤ 4xi = (xi + 1)2 − (xi − 1)2. Hence, it becomes√
4v2
i + (xi − 1)2 ≤ xi + 1. Similarly, we have

√
4v2
i+1 + (xi+1 − 1)2 ≤ xi+1 + 1. Finally, we obtain two second-

order cone constraints: ∥∥∥∥∥
[

2vi

xi − 1

]∥∥∥∥∥
2

≤ vi + 1 and

∥∥∥∥∥
[

2vi+1

xi+1 − 1

]∥∥∥∥∥
2

≤ vi+1 + 1.

Putting things together and using auxiliary variables, we can write the above problem into an SOCP. Here, the

constraint xi ≥ 0, can also be written as xi ≥ |ri| with ri = 0. Hence, (xi, ri) ∈ L2 and ri = 0.

Example 5. We consider the following basis pursuit denoising problem:

min
x∈Rp

‖x‖1 s.t ‖Ax− b‖2 ≤ σ,

where A ∈ Rn×p, b ∈ Rn, and σ ≥ 0 are given.

Question: Convert this problem into a second-order cone program.

Now, we replace the objective function f(x) = ‖x‖1 by another one to characterize a group-sparsity hidden

in the solutions. To formulate this problem, we assume that the index set I := {1, 2, · · · , p} are divided by N

subgroups Gi for i = 1, · · · , N , where ∪Ni=1Gi = I, and Gi ∩ Gj = ∅ for i 6= j (that is there is non-overlapped

group). We denote by xGi = (xj : j ∈ Gi) the sub-vector generated from entries of x whose indexes are in Gi. We

can formulate this problem into the following nonsmooth convex problem:

min
x∈Rp

N∑
i=1

‖xGi‖2 s.t ‖Ax− b‖2 ≤ σ.

Question: Convert this problem into a second-order cone program.

Solution: If we denote by u = Ax−b, then we can write ‖Ax−b‖2 = ‖u‖2 ≤ σ. This shows that (u, s) ∈ Ln+1

and s = σ. For the objective function, ‖x‖1 ≤ z is equivalent to z =
∑p
i=1 ti, and |xi| ≤ ti (or (xi, ti)

> ∈ L2).
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For the next question, we introduce N auxiliary variables sj for j = 1 to N and rewrite the problem as

min
x∈Rp

N∑
i=1

si s.t ‖Ax− b‖2 ≤ σ, ‖xGi‖2 ≤ si.

Then, we can apply the same way as in the first question.

Example 6. The following convex formulation is called a DWD (distance-weighted discrimination) problem intro-

duced by J. S. Marron et al (2007) in [7]:

min
w,r,ξ

1
n

n∑
i=1

(
1

rqi
+ ρξi

)
,

s.t. ri = a>i w + µi, i = 1, . . . , n,

‖w‖2 ≤ 1

r ≥ 0, ξ ≥ 0.

Here, µ ∈ Rn, ai ∈ Rp for i = 1, · · · , n are given, ρ > 0 is a penalty parameter, and q = 0.5 or q = 1 is a given

power of the reciprocal function 1
rqi

.

Question: Convert this problem into a second-order cone program.

Solution: The main point is to transform 1
rqi
≤ ti into an SOC constraint. For q = 0.5, we have 1√

ri
≤ ti, which

leads to
√
riti ≥ 1. Similar to the above example, we can write viti ≥ 1 and

√
ri ≥ vi. Hence, we obtain√

2 + v2
i + t2i ≤ vi + ti and

√
4v2
i + (ri − 1)2 ≤ ri + 1

For q = 1, we have 1
ri
≤ ti, which leads to 2 ≤ 2riti = (ri + ti)− r2

i − t2i . Hence, this becomes√
2 + r2

i + t2i ≤ ri + ti.

Putting these constraints together with the above linear constraints, we can transform the original problem into

an SOCP. Then, it is trivial to write the resulting problem into the standard SOCP form (Exercise).

Example 7. We consider the following image reconstruction problem:

min
X∈Rp1×p2

1

2
‖A(X)− b‖22 + λ‖X‖TV.

Here, A : Rp1×p2 → Rm is a given linear operator defined as

A(X) = [trace
(
A>1 X

)
, trace

(
A>2 X

)
, · · · , trace

(
A>nX

)
]>,

where Ai ∈ Rp1×p2 are given matrices; b ∈ Rn, λ > 0 is a given regularizer parameter, and ‖ · ‖TV is the following

TV-norm:

‖X‖TV :=

p1−1∑
i=1

p2−1∑
j=1

√
(Xi+1,j − xij)2 + (Xi,j+1 −Xij)2.

Question: Convert this problem into a second-order cone program.

Solution: The quadratic term can be transformed into ‖A(X) − b‖22 ≤ t. Define u = A(X) − b, then we have

4‖u‖22 ≤ 4t = (t+ 1)2 − (t− 1)2. Hence, we have
√

4‖u‖22 + (t− 1)2 ≤ t+ 1. We note that the TV-norm can be

reformulated as

‖X‖TV ≤ z ⇔ z =

p1−1∑
i=1

p2−1∑
j=1

vij and
√

(Xi+1,j − xij)2 + (Xi,j+1 −Xij)2 ≤ vij .

The first term gives us a linear constraint, while the second one is a second-order cone constraint in L3.
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2.3 Semidefinite programming

We denote by Sp the class of p×p symmetric matrices, and by Sp+ the class of p×p symmetric positive semidefinite

matrices. Given two matrices A ∈ Rp×q and B ∈ Rp×q, the inner product of A and B is defined as 〈A,B〉 :=

trace
(
A>B

)
=
∑p
i=1

∑q
j=1AijBij = vect(A)>vec(B). We say that a matrix X is symmetric positive semidefinite

if X is symmetric, and satisfies u>Xu ≥ 0 for all u ∈ Rp. In this case, X ∈ Sp+, and we denote by X � 0. A

semidefinite programming (SDP) problem can be represented as
min
X∈Sp

〈C,X〉

s.t. 〈Ai,X〉 = bi, i = 1, · · · ,m,
X � 0,

(4)

The corresponding dual problem is
max
y∈Rm

b>y

s.t.
m∑
i=1

yiAi � C.
⇔


max

y∈Rm,Z∈Sp
b>y

s.t.
m∑
i=1

yiAi + Z = C, Z � 0.
(5)

If we add a slack variable Z ∈ Rp×p, then we have the linear equality constraint
∑m
i=1 yiAi + Z = C, and an

additional SDP constraint Z � 0. Let us give a few examples of SDPs to show their applications. The pair (4)-(5)

is called a standard primal-dual SDP pair.

Example 8 (Minimizing the largest eigenvalue). Given a symmetric matrix X ∈ Sp, we denote by λmax(X)

the largest eigenvalue of X. We are interested into the following largest eigenvalue minimization problem with

simple linear constraints: 
min
X∈Sp

λmax(X)

s.t. trace (X) = 1,

〈L,X〉 = 1,

for a given symmetric matrix L. Since λmax(x) = supu∈Rp

{
u>Xu | ‖u‖2 ≤ 1

}
is convex, and other constraints

are linear, this problem is a convex program.

Question: Reformulate this problem into a semidefinite program as above.

Solution: This problem can be rewritten as
min

X∈Sp,t∈R
t

s.t. trace (X) = 1,

〈L,X〉 = 1,

λmax(X) ≤ t.

Since λmax(X) ≤ t is equivalent to X � t I, or t I−X � 0. Hence, we can write an equivalent problem as
min

X∈Sp,t∈R
t

s.t. trace (X) = 1,

〈L,X〉 = 1,

t I−X � 0.

Now, we define C = (cij)
p
i,j=1, with c11 = 1 and cij = 0 for i 6= 1, j 6= 1. The constraint trace (X) = 1 becomes

〈I,X〉 = 1. To process t I−X � 0, we introduce a new variable S = t I−X, and write t I−X− S = 0, and S � 0.

The new reformulation will be in standard form, but has a large number of linear constraints due to t I−X−S = 0.
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Example 9 (Max-cut problem). Given an undirected graph G = (V, E) with |V| = n nodes, and |E| = m edges,

we call M = (S, T ) = {(i, j) ∈ E | i ∈ S, j ∈ T } a cut if it is a partition of V. The size of this cut is the number

of edges or the total weight of all edges connecting S and T . A cut M is said to be a max-cut if its size is not

less than the size of any other cuts.

Let us define a binary variable xi as

xi =

1 if the i-th node is in S

−1 otherwise.

We also denote the weight of the edge (i, j) by wij . If the graph is unweighted, then wij = 1 for all edges. Clearly,

1 − xixj = 0 if node i and node j are in the same set. Otherwise, 1 − xixj = 2. Hence, we can compute the

total weight of the cut M as W := 1
2

∑
i<j wij(1 − xixj) = 1

2

∑
i<j wij −

1
2

∑
i<j wijxixj . Our objective is to

find a cut M with maximum total weight W . Hence, the max-cut problem can be formulated into the following

optimization problem: {
max
x

1
2

∑
i<j wij(1− xixj),

s.t. xi ∈ {−1, 1} i = 1, · · · , n.

If we define L = D−A the Laplace matrix of the graph, then we can rewrite this problem as{
max
x

1
4x
>Lx,

s.t. x2
i = 1, i = 1, · · · , n.

Question: Find an SDP relaxation of this problem.

Solution: We note that x>Lx = trace
(
x>Lx

)
= trace

(
Lxx>

)
. If we define X := xx>, then X � 0, and

rank (X) = 1. The condition x2
i = 1 is equivalent to diag(X) = 1, where 1 is the vector of all ones. The above

problem can be written as 
max
X

1
4 〈L,X〉,

s.t. diag(X) = 1,

X � 0,

rank (X) = 1.

If we drop the last rank constraint, rank (X) = 1, then we obtain an SDP relaxation of the max-cut problem.

2.4 Mixed conic programming

We can mix four types of variables in a conic program: free variables, nonnegative, second-order cone, and

semidefinite variables. For second-order constraints, we may still have rotated second-order constraints. Note that

a rotated second-order cone in Rp (p ≥ 2) is defined as Lrp :=
{
x ∈ Rp | 2x1x2 ≥ x2

3 + · · ·+ x2
p, x1 ≥ 0, x2 ≥ 0

}
.

Any rotated second-order cone constraint can be transformed into standard second-order cone constraint by a

change of variable x ∈ Lp ⇔ Tpx ∈ Lrp, where Tp :=

1/
√

2 1/
√

2 0

1/
√

2 −1/
√

2 0

0 0 Ip−2

. Hence, for our simplicity of

presentation, we skip rotated second-order cone constraints by using this argument.

Now, we can write a mixed conic program in our context as follows:
min

N∑
s=1

〈c(s),x(s)〉

s.t.
∑
s=1

As(x(s)) = b,

x(s) ∈ Ks, s = 1, · · · , N.

(6)
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Here, we have N blocks of variable x(s). They can be vectors or symmetric matrices. The vector or matrix c(s) is

the s-th block coefficient of the objective function. The notation 〈·, ·〉 is the standard inner product. As are linear

operators mapping x(s) to Rm, and b ∈ Rm. Ks is either Rps , Rps+ , Lps−1, Sps+ , or their Cartesian products.

Example 10. Let us consider the following example:

min
x∈R8

8∑
i=1

(2i+ 1)xi

s.t.

8∑
i=1

xi ≤ 10,

x2 ≥ 0, x3 ≥ 0,√
(x1 − 1)2 + x2

4 ≤ x5 + 1,[
x6 + 1 x7

x7 x8 − 1

]
� 0.

(7)

Question: Convert this problem into a mixed conic linear program (6). Determine the number of blocks N , the

block size ps, the coefficients of the objective c(s), the linear operators As, the right-hand side b, and the conic

cones Ks for s = 1, · · · , N .

Solution: We need to add a few intermediate variables: y1 = x1 − 1, y5 = x5 + 1, y6 = x6 + 1, and y8 = x8 − 1.

Moreover, we also need a slack variable s1 for the first constraint. Now, we can rewrite this problem as

min
x∈R8

8∑
i=1

(2i+ 1)xi

s.t.

8∑
i=1

xi + s1 = 10,

x1 − y1 = 1, x5 − y5 = −1, x6 − y6 = −1, x8 − y8 = 1,

x2 ≥ 0, x3 ≥ 0, s1 ≥ 0,√
y2

1 + x2
4 ≤ y5,[

y6 x7

x7 y8

]
� 0.

Hence, we can determine the blocks of variables as x(1) := x1 free, x(2) := (x2, x3, s1)> ∈ R3
+, x(3) := (y1, x4, y5)> ∈

L3, and x(4) :=

[
y6 x7

x7 y8

]
∈ S2

+.

Example 11. We consider the following optimization from a structural designing task in civil engineering [10]:
min

x∈Rp,w∈Rn
w>A(x)−1w,

s.t.
∑p
i=1 aixi ≤ c,

li ≤ xi ≤ ui, i = 1, · · · , p,

where A(x) :=
∑p
i=1 xiAi is a linear operator with Ai ∈ Sn++ being given symmetric positive definite matrices,

and other coefficients are also given.

Question: Convert this problem into the mixed conic linear programming problem (6).

Solution: Let us introduce a slack variable t ∈ R. Then, we consider the constraint w>A(x)−1w ≤ t. This

becomes t−w>A(x)−1w ≥ 0. By Schur’s complement, the last condition is equivalent to[
t w>

w A(x)

]
� 0.
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Hence, if we define X :=

[
t w>

w A(x)

]
, then we obtain the following problem:



min
t,x,w,X

t

s.t.
∑p
i=1 aixi ≤ c,[
t w>

w A(x)

]
−X = 0,

li ≤ xi ≤ ui, i = 1, · · · , p,
X � 0.

The first and second constraints are linear, the third constraint is a bound constraint, and the last one shows that

X ∈ Sn+1
+ . To process the bound constraints, we can do a change of variable by using zi = xi− li for i = 1, · · · , p.

Then, we have zi ≥ 0, and zi ≤ ui − li. Then, we add slack variables si to get linear constraints zi + si = ui − li
for i = 1, · · · , p.

3 Software for linear conic programming

Interior-point methods (IPMs) are reliable and well-established methods to solve conic programming problems

with small and medium scales (in ranges of few thousands of variables). These methods can theoretically solve

such problems in polynomial time. In practice, IPMs often takes around 10 to 50 iterations to obtain a very high

accuracy solution. They can also check the infeasibility and unboundedness of the underlying problems without

knowing it a priori.

The theory of IPMs show that the worst-case complexity of these methods does not exceed O
(
Tlin
√
ν log

(
1
ε

))
,

where ν is the barrier parameter, ε > 0 is a given tolerance of the solution we want to achieve, and Tlin is the

complexity of solving a positive definite linear system to compute Newton direction in an IP method. In the

setting (6), we have ν =
∑N
s=1 νs, where νs = 0 if Ks = Rps , νs = ps if Ks = Rps+ , νs = 2 if Ks = Lps , and νs = ps

if Ks = Sps+ . Hence, we can show that each iteration of the IP method requires to solve a linear system of the size

(m+p)× (m+p), which leads to Tlin = O
(
(m+ p)3

)
flops. However, this complexity can be reduced significantly

using different linear algebra techniques and recent development in IPMs.

There exist several IP solvers that implement IP methods (many of them are based on a primal-dual IP-type

method). Let us review some common used solvers below:

1. SeDuMi: This was developed by J. F. Sturm and T. Terlaky (2003). Later, other researchers have been

improving this solver. However, SeDuMi still has some limitation compared to state-of-the-art software

packages. SeDuMi is written in Matlab using C/C++ mex files to accelerate its underlying computation

including linear algebra routines. Its name is abbreviated from “Self-Dual-Minimization”, which is based

on “self-dual homogeneous embedding techniques” (avoiding two-phase algorithms as in simplex methods).

The latest version can be found http://sedumi.ie.lehigh.edu/page id=58. SeDuMi is easy to use and is

free-of-charge.

2. SDPT3: SDPT3 is developed by K.-C. Toh, M. J. Todd, and R. H. Tutuncu since 1999, where T3 abbrevi-

ates the name of three developers: Toh, Todd, and Tutuncu. This solver is also based on an infeasible primal-

dual interior-point method. The latest version can be downloaded at http://www.math.nus.edu.sg/ mat-

tohkc/sdpt3.html. The main code is written in Matlab but several routines are implemented in C via MEX

files. SDPT3 is also free-of-charge, and becomes a default solver in CVX.

3. SDPA: This is a C++ implementation of a primal-dual IP method developed by Kojima’s group in Japan.

They have several versions running on different operation systems. The latest version can be found at
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http://sdpa.sourceforge.net. SDPA also has Matlab interface and supports parallel computation. They also

have a high-precision version called SDPA-GMP which can achieve extremely high accuracies (e.g., 10−40).

This software package is also free-of-charge.

4. Mosek: Mosek is also an IP solver and is a commercial software package developed by E. D. Anderson

since 1997, and then, Joachim Dahl. It is also free-of-charge for academic use, and can be downloaded from

https://www.mosek.com/company/about. Mosek also has a Matlab interface.

Among these SDP solvers, there exist several other software packages that can solve LPs or extensions of LPs

such as Gurobi, CPLEX, XPress, etc. More information about optimization software topic can be found at

https://www-user.tu-chemnitz.de/ helmberg/semidef.html.

In addition to IP solvers, the following two modeling language packages are very well-known. Both packages

are implemented in Matlab and are free-of-charge.

• CVX: This package is developed by M. Grant and S. Boyd since 2004 using Matlab [4]. CVX is based

on the disciplined convex programming principle. It essentially transforms nonstandard convex problems

into standard ones where available solvers can be used. It also integrates some iterative procedures to

approximate nonstandard convex problems by a sequence of standard problems such as logistic regression

and log-determinant. CVX can be downloaded from http://cvxr.com. CVX uses SDPT3 as a default solver.

• YALMIP: It has a cool name (Yet Another LMI Parser). Similar to CVX, YALMIP is also a modeling

language implemented in Matlab, developed by J. Löefberg since 2004 [6]. It was initially focused on solving

linear matrix inequality (LMI) problems arising from controller design. But it has been extending to solve

several convex problems. This software can be downloaded from https://yalmip.github.io.

There still exist other modeling language packages for convex optimization. However, to my best knowledge,

such packages have not been well established compared to CVX or YALMIP. For instance, CVXPY developed

by S. Diamond et al using Python. This package can be found at http://www.cvxpy.org/en/latest/. Another

one is CVXGen developed by J. Mattingley and S. Boyd in Python, which aims at solving small-scale convex

problems in millisecond time-scale based on code generation techniques. This package is available to use online

at http://cvxgen.com/docs/index.html. R-users can use CVXR from https://github.com/anqif/cvxr to solve non-

standard convex problems as well. It also comes from S. Boyd’s group (see, http://stanford.edu/ boyd/software.html).

Julia-lovers can check a JuliaOpt package at http://www.juliaopt.org.

4 Exercises

We provide some practical exercises without solution where the reader can practice.

Exercise 1: A communication company plans to place n broadcast stations at given locations a(1), · · · , a(n) in n

cities. Each station has its own maximum signal coverage area of radius ri (in feet). The radius ri of each station

i is at least r feet and at most r̄ feet (i = 1, · · · , n). To cover each square ft of the signal coverage area of the i-th

station, a cost of $ci is incurred. The company can remotely control these stations by placing a central station at

a location x. This location should be covered by all stations a(i) in their signal coverage area, but it must be at

most R feet far from the company’s headquarter located at a given place a(0). The goal is to find the location x

of the central station and the radius ri of the i-th station to minimize the total cost.

1. Formulate this problem into an optimization problem, where the distance is measured by the Euclidean

distance.
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2. Is this problem convex? If so, can we transform it into a standard convex problem we have studied in class

(LP, SOCP or SDP)?

3. (Optional question with extra credits) If it is a standard convex problem as in Item 2, then using the

following data to solve the resulting standard convex problem with CVX.

n = 10, A =

[
0 1 2 2 3 4 4 5 6 7

4 5 3 1 6 5 1 2 5 4

]
, a(0) = (4, 4)>,

R = 1, r = 0.02, r̄ = 5, c = (1, 2, 1.2, 2.5, 2.1, 1.1, 1.8, 1.4, 1.35, 1.82)>.

Here, the columns of A are concatenated from a(i) for i = 1, · · · , n. All the distances here are measured by

the unit of 105 feet. Show your Matlab code, mathematical solutions, and computational results in detail.

Exercise 2: Consider the following empirical risk minimization problem:

min
x∈Rp

{
1

n

n∑
i=1

`(a>i x+ bi, yi) + λR(x)

}

where `(s, t) is a given loss function, ai ∈ Rp, bi ∈ R are given, yi is a given response, λ > 0 is a regularization

parameter, and R is a convex regularizer.

1. If `(s, t) = max {0.75(s− t), 0.25(t− s)}, and R(x) = ‖x‖1, then can we transform the above problem into

a standard convex problem we have studied in class (LP, SOCP or SDP)? If yes, then show your solution in

detail.

2. With the same question as in item 1, but using `(s, t) = max {0, |s− t| − ε}, where 0 < ε� 1 is given, and

R(x) = ‖Wx‖1 with given matrix W .

3. With the same question as in item 1, but using `(s, t) = 1
2 (max {0, 1− st})2

, and R(x) = ‖x‖1 + ρ
2‖x‖

2
2 for

ρ > 0.

Exercise 3: We consider the following optimization problem:

min
β∈Rp,σ>0

1

2nσ
‖Xβ − y‖22 + λ

p∑
i=1

wi|βi|,

where X ∈ Rn×p, y ∈ Rn and w ∈ Rp+ are given, and λ > 0 is a given regularization parameter. Here, β and σ

are optimization variables.

1. If we fix σ = σ̄ > 0, then we obtain a penalized LASSO problem. Reformulate it into an SOCP.

2. If we consider σ together with β as variables, then is this problem convex? If so, reformulate it into a

standard convex problem we have studied in class (LP, SOCP or SDP).

Exercise 4: We consider the following optimization problem:

min
x∈Rp

{
g(x) +

λ

2
‖x− a‖22

}
,

where a ∈ Rp and λ > 0 are given, and g is a convex function.
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1. Assume that g(x) =
∑p
i=1 wix

2
i + 0.5‖x‖1, where wi ≥ 0 is given. Can we compute analytically (i.e. in a

closed form) the solution of this problem? If yes, write down your solution in detail.

2. With the same question as in item 1 but using g(x) =
∑p
i=1 [cixi − log(cixi + bi)], where ci and bi are given

for i = 1, · · · , p.

3. Generate some synthetic data, and use CVX to solve the above two problems. Compare the results before

and after the reformulation to verify its correctness.
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